Abstract. We study the dynamics of the space debris in regions corresponding to minor resonances; precisely, we consider the resonances 3:1, 3:2, 4:1, 4:3, 5:1, 5:2, 5:3, 5:4, where a j : ℓ resonance (with j, ℓ ∈ Z) means that the periods of revolution of the debris and of rotation of the Earth are in the ratio j/ℓ. We consider a Hamiltonian function describing the effect of the geopotential and we use suitable finite expansions of the Hamiltonian for the description of the different resonances. In particular, we determine the leading terms which dominate in a specific orbital region, thus limiting our computation to very few harmonics. Taking advantage from the pendulum-like structure associated to each term of the expansion, we are able to determine the amplitude of the islands corresponding to the different harmonics. By means of simple mathematical formulae, we can predict the occurrence of splitting or overlapping of the resonant islands for different values of the parameters. We also find several cases which exhibit a transcritical bifurcation as the inclination is varied.
Introduction
The dynamics of objects moving in the space surrounding the Earth is a subject of strong interest, due to the many satellites that have been placed in orbit around our planet and that generated many debris (see, e.g., [15] ). In this work we are interested to the dynamics corresponding to a resonant motion, which occurs whenever the period of revolution of the celestial object and the period of rotation of the Earth are commensurable. Resonant motions have been widely used to design the orbit of artificial satellites. the same location on the Earth, since its orbital period is exactly equal to one sidereal day. The GPS satellites move in a 2:1 resonance at about 26560 km from Earth's center, which means that they make two orbits during one rotation of the Earth.
More in general, there is a standard classification of different regions of the sky, in terms of the altitude above the Earth: LEO (acronym of Low-Earth-Orbit), MEO (MediumEarth-Orbit) and GEO (Geosynchronous-Earth-Orbit) are three regions which divide the sky, starting from the Earth's surface to the geosynchronous ring. Precisely, LEO corresponds to the sky between 90 and 2000 km. MEO is the region between 2000 and 30000 km, which includes GPS as well as other resonances. GEO is located at an altitude above 30000 km from the surface of the Earth. All three regions are affected by several forces (see Section 2); first, the Earth's attraction is very strong and the geopotential must be included within a high degree of precision; next, the effect of Sun and Moon is extremely important and must be taken into account (see [11] ); also the solar radiation pressure plays a relevant role; finally, in the LEO region the atmospheric drag must be certainly considered.
In this paper we concentrate on resonances of lower order (w.r.t. GEO and GPS), to which we will refer as minor resonances: 3:1, 3:2, 4:1, 4:3, 5:1, 5:2, 5:3, 5:4, which populate the region of the sky between 14000 km and 37000 km from Earth's center. Our study aims at exploiting the minor resonances using mathematical tools based on a Hamiltonian approach, which allows us to have a deep understanding of the dynamics of such resonances. This task can be accomplished, once we have a model that describes with good accuracy the dynamics. To this end, we expand the geopotential to different orders, according to the resonance we are considering (see Section 2) . However, since the expansion might contain a huge number of terms, following [3] we introduce the notion of dominant term in a specific region of the orbital elements' space (see Section 2) . This allows us to considerably reduce the number of harmonics which really shape the dynamics. For reasonable parameter values, the resonances have a typical pendulum structure, showing an island shape surrounding the elliptic point. We present a simple mathematical algorithm that allows one to compute the amplitudes of the resonant islands with a minimum computational effort (compare with Section 3). Casting together such information about the dominant terms and the amplitudes of the islands, we are able to proceed further in predicting whether the islands associated to the different harmonic terms are well separated or they rather overlap giving birth to chaotic motions (the socalled splitting or superposition phenomena described in Section 4). The prediction of such behavior is obviously very important, since it could allow for regular or chaotic motions. Indeed, we also propose a transfer mechanism at low cost, taking advantage of the stable or chaotic character of the dynamics as some orbital elements are suitably varied. Finally, we study the mechanism of transcritical bifurcations (see Section 5) , which occur for some resonances and which provoke a sudden change in the stable/unstable behavior of the equilibria.
To summarize, this paper is organized as follows. In Section 2 we present the model, using both the Cartesian and Hamiltonian formulations. A measure of the amplitudes of the resonances is provided in Section 3. A mechanism of splitting or superposition of resonances is given in Section 4, while the occurrence of transcritical bifurcations is investigated in Section 5. A model including all main forces, and not just the geopotential, is studied in Section 6 using a Cartesian approach.
The model in Cartesian and Hamiltonian formalism
In this section we introduce the equations of motion of a small body, say S, that we identify with a space debris; we assume that S is subject to the influence of the Earth and, beside the gravitational interaction, we take into account also the geopotential up to a finite degree. Within the Cartesian formalism, we consider also the effects of Sun and Moon, as well as the solar radiation pressure.
Let us introduce a quasi-inertial frame centered in the Earth. The equation of motion in Cartesian coordinates will consider the Earth's gravitational influence, the geopotential, the solar attraction, the lunar attraction and the solar radiation pressure. Precisely, let us denote by m E , m S and m M the masses of Earth, Sun and Moon, let G be the gravitational constant. With reference to [3] , the equation of motion is given bÿ
where r, r S , r M represent the position vectors of the debris, Sun and Moon with respect to the center of the Earth (see [17] for explicit formulae concerning r S , r M ), R 3 denotes the rotation about the polar axis, θ is the sidereal time, ∇ is the gradient computed with respect to the synodic frame, while V (r) is the force function due to the attraction of the Earth (see, e.g., [3] for full details).
As we can see from (2.1), the contribution of the solar radiation pressure involves the reflectivity coefficient C r of the debris, the radiation pressure P r for an object located at distance a S = 1 AU, and the area-to-mass ratio A/m with A the cross-section of the debris and m its mass.
Next we consider just the effect of the geopotential and we provide the corresponding Hamiltonian function in terms of the action-angle Delaunay variables (L, G, H, M, ω, Ω).
Such coordinates are linked to the orbital elements (a, e, i, M, ω, Ω), where a is the semimajor axis, e the eccentricity, i the inclination, M the mean anomaly, ω the argument of perigee, Ω the longitude of the ascending node. Precisely, denoting by µ E = Gm E , one has the following relations:
The Hamiltonian describing the geopotential contribution in (2.1) can be written as (see [3] )
, where the geopotential is given by (see [14] )
where R E is the equatorial radius of the Earth, the well-known inclination and eccentricity functions F nmp , G npq are given in [14] through recursive expressions, while S nmpq depends on the spherical harmonic coefficients C nm , S nm (see [14] ) and on the angle
Let us also introduce the quantities J nm and λ nm defined through the relations
The coefficients C nm , S nm and J nm in units of 10 −6 , as well as the values of λ nm , up to degree and order 5, are given in Table 1 , derived from the EGM2008 model ( [10] , see also [5] , [17] ).
In order to provide a description of the resonant motions, we expand R earth and, averaging over the non-resonant terms, we retain the secular and resonant parts, which yield the long term variation of the Delaunay variables, hence of the orbital elements. ) and the quantities λ nm ; values computed from [10] .
We shall consider the Earth's gravitational potential up to terms of degree and order n = m = N, where N will be given later as it will depend on the specific resonance we consider. Let us write R earth as R earth = R 
Notice that (2.4) is satisfied in concrete astronomical cases within a certain degree of approximation and cannot be obviously satisfied exactly.
By using Kepler's third law, it follows that a j : ℓ resonance corresponds to the semimajor axis a j:ℓ = (j/ℓ) −2/3 a geo , where a geo = 42164.1696 km represents the semimajor axis of the geosynchronous orbit. For all resonances we write the same expression for the secular part, due to the fact that the geopotential coefficient J 2 = J 20 is much larger than any other zonal coefficient j : ℓ a in km j : ℓ a in km 1:1 42164. (see Table 1 ): in the expansion of the secular part the most important role is played by a term of order O(J 2 ). On the other hand, the resonant parts of the development of the geopotential are obtained adding different terms, say T k for some k ∈ Z + ; we will need to compare the strength of such terms to reduce our study to a function composed by the most significative contributing terms, defined as follows (see [3] The analysis of the dominant terms allows us to reduce the discussion to a limited number of terms as well as to provide an indication of the optimal degree of the expansions. More precisely, for a given resonance j : ℓ we approximate the Hamiltonian function with
where R res j:ℓ earth is expanded up to an optimal degree N, which is determined by implementing the algorithm described in [4] . The optimal degree of expansion of R res j:ℓ earth is N = j +1, except for the resonance 4:1 whose optimal degree is N = j + 2. The terms which contribute to form R res j:ℓ earth are listed in Table 3 ; explicit expressions for the corresponding coefficients are given in Appendix A.
A plot of the dominant terms according to Definition 2 for each of the resonances considered in this work is provided in Figure 1 . Table 3 . Terms whose sum provides the expression of R resj:ℓ earth up to the order N.
Measuring the amplitude of resonant islands
In this section we concentrate on the size of the resonant islands associated to the dominant terms. First, we introduce in Section 3.1 an elementary mathematical method to estimate the size of the resonant island associated to a specific term, provided that we are in a parameter region corresponding to a regular (and not chaotic) behavior (see [3] ). Examples are given in Sections 3.2 and 3.3.
3.1.
A pendulum-like estimate of the amplitude. Following [3] , we sketch an elementary method which allows us to estimate the amplitude of the island around a given j : ℓ resonance (see [3] for full details). This estimate is computed by taking into account the influence of the secular part and just the largest term of the resonant part. In what follows, we obtain the width of the resonant island associated to the dominant term as a function of eccentricity and inclination. However, it is important to underline that in many regions of the phase space (usually for moderate and large eccentricities), some resonant harmonic terms with comparable large enough magnitude could coexist.
Due to a common phenomenon which takes place for almost all minor resonances, called
splitting of the resonances and detailed in Section 4, these big harmonic terms yield nonoverlapping resonance islands. Therefore, around a given j : ℓ resonance there could be multiple resonant islands, according to the values of inclination and eccentricity.
In this section, we focus our attention on the resonant island having the largest width. The resonant Hamiltonian can then be written as
where
denote the Fourier coefficients, cs could be either cosine or sine and k = (k 1 , k 2 , k 3 ).
Normalizing the units such thatθ = 1, then from the resonance relation and Kepler's third law, we obtain that the resonant value of the action L is given by
We expand (3.1) around L res up to second order and we retain only the largest term in the resonant Hamiltonian:
) denotes the index at which η is maximum. One can show that the variation of Λ is given by
so that, using ∆L = ∆Λ, the amplitude of the j : ℓ resonant island is given by
with η, β as in (3.3) and L res as in (3.2).
We report in Figure 2 In Sections 3.2-3.3 we consider some minor resonances as bench tests for the determination of the amplitudes using the expression (3.4) and comparing the results with an investigation based on the computation of the Fast Lyapunov Indicators (hereafter, FLIs), which are defined as the largest Lyapunov characteristic exponents at a finite time. FLIs were introduced in [12] and implemented in [3] in the context of space debris to which we refer for more details (see also [2] and [4] , [13] for cartographic studies based on the FLIs).
3.2. The 3:1 resonance. For the 3:1 resonance, we have five terms defining R res3:1 earth (see Table 3 ). The amplitude of each dominant term is computed in Table 4 For small eccentricities and small to moderate inclinations, all terms of R res3:1 earth , except T 3310 , are small in magnitude, so that a pendulum-like plot is obtained (see Figure 3 , top left and middle left). The amplitudes of the islands associated to T 3310 reported in Table 4 are definitely consistent with those computed from Figure 3 , top left and middle left panels. However, increasing the eccentricity, other terms grow in magnitude showing a pendulum structure, although they do not interact with the main resonance even for large eccentricities, provided the inclination is small (compare with Figure 3 top right). In this case, the estimate (3.4) still provides a good value for the amplitude of the resonant island associated to the dominant terms.
For higher inclinations and larger eccentricities, the main resonance increases a lot in amplitude and it interacts with the other resonances, leading to chaotic motions ( Figure 3 , middle right); in this case, as expected, the estimates given by (3.4) do not properly work.
We notice that the amplitude of the largest term increases significantly in passing from i = 10 o to i = 30 o . In particular, due to the fact that the amplitudes of the main terms for i = 10 o are not too large and that the center of the different terms are shifted, there is no superposition of the resonances (see Figure 3 , top right). On the contrary, for i = 30 o the amplitudes are sufficiently large to provoke an interplay of the resonances generated by the different terms (see Figure 3 , middle right). This behavior will be the centerpiece The behavior of the amplitude, as computed from the FLI plots, can be obtained from the bottom row of Figure 3 , which is computed for a fixed eccentricity and a whole interval of inclinations (similarly, we could have shown the plots in the (e, a)-plane for a fixed inclination). earth (see Table 3 ). In the bottom row of Figure 4 we provide the FLI for the 5:4 resonance as a function of semimajor axis and inclination. Provided that we select regular regions, the amplitude of the resonant islands is in good agreement with the size given by (3.4). For example, let us fix i = 60 o and the eccentricities e = 0.005 and e = 0.5.
Then, from Figure 1 we infer that the dominant terms are, respectively, T 6510 and T 5511 . Their amplitudes, as computed through (3.4), are about 0.53 and 2.98 km in agreement with Figure 4 , thus yielding a further confirmation of the validity of the estimate (3.4), when dealing with regular motions exhibiting a pendulum-like structure.
Detecting the splitting or superposition of resonances
As mentioned in Section 2, the quantities S nmpq in (2.2) depend on the angle Ψ nmpq in (2.3). The variation of Ψ nmpq depends on the frequenciesω,Ω, which can be small, but not exactly zero, due to the effect of the secular part 1 . As a consequence, for a specific resonance, the angles Ψ nmpq for different n, m, p, q are stationary at different locations. As already remarked in [3] , this means that each resonance splits into a multiplet of resonances. As a consequence, each harmonic term of a specific resonance, with big enough magnitude, yields equilibria located at different distances from the center of the Earth. When the width of the resonance associated to each component of the multiplet is smaller than the distance separating these resonances then a splitting phenomenon takes place, otherwise we have an opposite phenomenon, called superposition, which gives rise to very a complex dynamics.
We also remark that the values provided in Table 2 give just a hint on the location As an example of splitting and superposition of resonances, we consider the 5:3 resonance for two different sets of values of the eccentricity and inclination. Besides the islands due to T 5510 and T 550−2 in Figure 5 , upper left, located at a = 29996.3 km and a = 29998.1 km, there appear two thin structures at a = 29997.1 km and a = 29995.5 km, associated to T 651−1 and T 6521 , respectively. For larger eccentricities and inclinations ( Figure 5 , upper right) the islands due to T 651−1 and T 6521 overlap with the main island associated to T 5510 .
An algorithm for distinguishing between splitting and superposition.
We analyze a specific resonance for which the dominant terms have been identified in Section 2. For each component of the multiplet we can estimate the corresponding amplitude by means of (3.4). Now, we proceed to determine carefully the location of the center of the islands, so that the knowledge of the centers and the amplitudes will easily allow us to decide whether we are in presence of a splitting or rather a superposition of the resonances.
For a resonance m : (n − 2p + q), let us write the dominant term T nmpq in the form
for a suitable function A = A(L, G, H) and where σ m,n−2p+q = (n − 2p + q)M − mθ + (n − 2p + q)ω + mΩ ; as in Section 3.1 cs can be either sine or cosine. We look for equilibria satisfying the equations:L = 0 σ m,n−2p+q = 0 .
Let us consider just the contributions of the secular part and of the dominant term T nmpq , so that we can write the corresponding Hamiltonian H (n,m,p,q) dom in the form
where γ = 0 (mod. π) if cs is cosine and γ = π/2 (mod. π) if cs is sine. Equation (4.1) determines the equilibria and, in particular, the center of the resonant island. At the equilibria we find:
where the ± depends on which equilibrium point we are considering and whether cs is sine or cosine. From the conditionσ m,n−2p+q = 0 we compute the value of the semimajor axis, which corresponds to the center of the island. At this point we have all the ingredients to investigate whether the islands associated to two different terms, say t 1 = T nmpq and t 2 = T n ′ m ′ p ′ q ′ , are splitting or overlapping (compare with [6] ). Assuming that the centers of the two islands have coordinates (a 1 , σ 1 ), (a 2 , σ 2 ) with σ 1 = σ 2 , let ∆ 1 (e, i), ∆ 2 (e, i) be the amplitudes of the corresponding islands. Let D ≡ |a 1 −a 2 | be the distance between the centers. Then, if (∆ 1 +∆ 2 )/2 < D, we have that the two islands are well separated, while if (∆ 1 + ∆ 2 )/2 > D the two islands overlap.
This simple computation allows us to predict the behavior of neighboring islands. the argument of perigee becomes constant (see [14, 3] ). Since the argument of any two harmonic terms differs by an integer multiple of ω, then the shift in semimajor axis is zero. As a consequence, we conclude that for the critical inclination (and for very close values) the pattern of the resonance has a pendulum-like structure.
4.2.
Using the phenomenon of splitting and superposition of resonances, we can propose a mechanism of transfer from one region to a nearby one by increasing the eccentricity or the inclination, and by using the superposition of the islands associated to the different dominant terms to move the objects with a minimum effort. This mechanism could be successfully applied when the dynamics is like that shown in Figure 5 , middle left panel, where there is a coexistence of several nearby distinct islands. However, changing the orbital plane is definitely an expensive maneuver (see [7] ). A cheaper solution, adopted also in some space missions, consists in modifying the argument of the perigee (see [7] , [9] ). A change of the argument of the perigee is shown, for example, in Figure 5 earth (see Table 3 ). The terms T 551−2 and T 652−1 prevail for small inclinations, otherwise T 5520 is dominant. Since T 5520 is of order of unity, while the other terms defining R For a given eccentricity, there is an inclination where resonances are no longer separated, but they start to overlap. This inclination can be determined analytically by comparing the shift in semimajor axis of the location of the equilibria and the amplitudes of the terms defining R res 5:1 earth . More precisely, from Figure 6 , left, it follows that the islands with the largest width are those associated to T 5520 (at a = 14412 km for e = 0.2, respectively at a = 14407 km for e = 0.5) and T 652−1 (at a = 14417 km for e = 0.2, respectively at a = 14414 km for e = 0.5). Denoting by ∆ 1 (e, i) and ∆ 2 (e, i) the amplitudes of the resonant islands associated to T 5520 and T 652−1 , respectively, and by D(e, i) the distance (in semimajor axis) between the equilibrium points associated to these islands, then, as described in Section 4.1, the superposition takes place when D(e, i) ≤ (∆ 1 (e, i) + ∆ 2 (e, i))/2.
Transcritical bifurcations
The occurrence of transcritical bifurcations is a well known phenomenon which indicates that the stability is transferred from one equilibrium point to another. Transcritical bifurcations are very common in almost all minor resonances.
By analyzing each single term associated to the different minor resonances, one can have several examples where the following happens for a given inclination i 0 : for i < i 0 there exist two equilibrium points, one stable and the other unstable; at i = i 0 the two equilibria annihilate each other; for i > i 0 the stable point becomes unstable, while the unstable equilibrium becomes stable. Although the theory of transcritical bifurcations is well known, let us make an explicit example to clarify how this notion can be applied to minor resonances. Let us simplify the discussion by retaining only one term at time in the series development around a given resonance. In particular, we consider a Hamiltonian function of the form
whereσ is a constant, J is a small parameter (precisely, it coincides with any of the J nm ), Ξ is the action conjugated to the resonant angle σ, h is the purely gravitational Keplerian part, and f (Ξ, i) is a function depending also on the inclination (equivalently, one may assume that f is a function of the eccentricity in order to get transcritical bifurcations as the eccentricity varies). Then, Hamilton's equations associated to (5.1) are given bẏ To look for the linear stability, we compute the eigenvalues δ of the matrix
Since cos(σ −σ) = 0 at equilibrium, neglecting O(J 2 ) we obtain the following secular equation in the variable δ:
Then, for σ
we obtain
while for σ
π we obtain
This shows that if at i = i 0 the function f = f (Ξ, i) reverts sign, then σ For each minor resonance, we report in Table 6 the harmonic terms which change their sign, together with the inclinations at which this event happens. This does not mean that any inclination i 0 quoted in Table 6 is automatically a transcritical bifurcation point, because we do not know in advance if the harmonic term in question gives rise to equilibrium points for inclinations close to i 0 .
We expect a bifurcation phenomenon to happen when either the harmonic term that changes its sign for i = i 0 is also dominant in some regions located close to i 0 and moreover all other resonant harmonic terms are small in magnitude in that regions, or either the inclination i 0 is such that the splitting phenomenon takes place and the given harmonic term is sufficiently large to generate resonant islands for inclinations close to i 0 . Since the splitting phenomenon occurs for small inclinations (see Section 4), while the inclinations reported in Table 6 are large, the latter case is impossible for all considered minor resonances. However, the conditions specified for the former case are satisfied for many resonances. Indeed, in Table 6 we report in bold the harmonic terms which are also dominant in some regions of the (e, i)-plane. From these terms, just the underlined ones are dominant in some regions close to i 0 (see Figure 1) . A detailed analysis shows that, within these regions, the underlined terms have a magnitude much larger than any other resonant term and give rise to a transcritical bifurcation. Table 6 . Harmonic terms changing their sign for i = i 0 ; those in bold are also dominant for some parameter values (see Figure 1 ). The underlined terms are dominant in regions close to i 0 .
The 4:3 and 5:2 resonances.
As an example, we consider the 4:3 resonance, which has five terms defining R res 4:3 earth (see Table 3 ). Excluding the inclinations i ≃ 0 o and i ≃ 53.1 o , T 5410 is dominant for small eccentricities. For moderate and large eccentricities, we have a balance between two terms, namely
T 440−1 and T 4411 (see Figure 1 ). At i = 53.1 o a transcritical bifurcation takes place for small eccentricities, as it is shown in Figure 7 , top panels.
For the 5:2 resonance, we have five terms defining R res 5:2 earth (see Table 3 ). The term T 5521 is dominant for large inclinations, provided the eccentricity is large enough, while T 6520 is dominant in the rest of the (e, i)-plane, excluding some small inclinations. For small eccentricities, a bifurcation phenomenon takes place at i = 70.5 o , as it is shown in Figure 7 , bottom plots, which provides the FLI values for i = 60 o and i = 80 o .
A more complete model
The purpose of this section is to complement the study realized by using the Hamiltonian formulation with some results obtained in Cartesian coordinates on a more complete model, which is not limited to the geopotential.
We perform a numerical integration in Cartesian variables, including, besides the geopotential, the gravitational attraction of Sun, Moon and solar radiation pressure.
In this way we validate the Hamiltonian model and verify the results obtained in the previous sections.
Concerning the Hamiltonian formulation, we removed in Section 2 the short periodic perturbations by averaging over the fast angles. The averaged Hamiltonian contains secular and resonant terms, leading to the determination of the mean orbital elements. Therefore, for the equations of motion in Cartesian coordinates, in order to represent the FLI as a function of the same variables, we transform from osculating orbital elements to mean elements. This computation implies a numerical average of the osculating elements, which is performed in the course of the integration itself.
We stress that each of the disturbing forces due to the geopotential, Moon, Sun and solar radiation pressure induces a short periodic variation of the orbital elements. The stronger effects are notably due to J 2 , since the short periodic harmonic terms of order J 2 are much larger in magnitude than any other short periodic term.
The results obtained by using the Hamiltonian formulation are validated by integrating the Cartesian equations of motion as in Figure 8 . We remark that the computation of The comparison leads to the following conclusions: all dynamical features of the minor resonances, which were explained by using the Hamiltonian formalism, are retrieved by integrating the full equations of motions; the perturbations due to Sun, Moon and solar radiation pressure with a small A/m parameter do not modify significantly the main characteristics, like the location of the equilibrium points, the amplitude of the resonant islands and the regular or chaotic behavior of the orbits.
Appendix A. Secular and resonant terms
We report below the explicit expressions of the terms which provide the secular part and the resonant parts appearing in Table 3 .
The leading terms of the expansion of the secular part are the following (notice that the first two terms are zero, since they are of third order in the eccentricity): Let σ 31 = M − 3θ + ω + 3Ω; we report below the leading terms of the expansion of the 3:1 resonance: × cos(σ 51 − 2ω − 5λ 55 ) ,
155925 128 e (1 − cos i − 6 cos 2 i − 2 cos 3 i + 5 cos 4 i + 3 cos 5 i)
1455300 128 e(− cos i + 2 cos
Let σ 52 = 2M − 5θ + 2ω + 5Ω; we report below the leading terms of the expansion of the 5:2 resonance (notice that the first term is zero, since it is of third order in the eccentricity): × sin i sin(σ 52 − 5λ 65 ) ,
3638250 128 e 2 (− cos i + 2 cos
Let σ 53 = 3M − 5θ + 3ω + 5Ω; we report below the leading terms of the expansion of the 5:3 resonance:
8505 256 e 2 (1 + cos i) 5 cos(σ 53 + 2ω − 5λ 55 ) ,
× cos(σ 53 − 5λ 55 ) , 
